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Introduction to Circuits for ECE

Lecture 35

Circuit Analysis using the Laplace Transform
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Announcements

• Recommended Reading:
– Textbook Chapter 12 and Chapter 13

• Upcoming due dates:
– Homework 5 due by 11:59 pm on Friday April 26, 2019
– Prelab 6 due by 11:59 pm on Friday April 26, 2019
– Lab report 6 due by 11:59 pm on Friday May 3, 2019
– Homework 6 due by 11:59 pm on Friday May 3, 2019
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Complete Solution for Arbitrary Drives

𝑣"# 𝑡 𝑣%&' 𝑡LTI
Circuit

𝑣"# 𝑡 C 𝑣, 𝑡
R

𝑣, 0/ = V2L

𝑖4 0/ = 0𝑖4

𝑣"# 𝑡

𝑡

𝑣, 𝑡

𝑡

Example
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Complete Solution in Frequency Domain

𝑠 = 𝜎 + 𝑗𝜔

𝑣"# 𝑡 𝑣%&' 𝑡LTI
Circuit V:"# 𝑗𝜔 𝑒<=> V:%&' 𝑗𝜔 𝑒<=>LTI

Circuit

𝑣"# 𝑡 𝑣%&' 𝑡LTI
Circuit V"# 𝑠 𝑒?> V%&' 𝑠 𝑒?>LTI

Circuit

𝑗𝜔

Time Domain Frequency Domain

@V"# 𝑠 𝑒?>𝑑𝑠 @ V%&' 𝑠 𝑒?>𝑑𝑠
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Laplace Transform

ℒ 𝑓 𝑡 = @ 𝑓 𝑡 𝑒/?>𝑑𝑡
D

2E
= 𝐹 𝑠

ℒ/G 𝐹 𝑠 =
1
2𝜋𝑗

@ 𝐹 𝑠 𝑒?>𝑑𝑠
KLM<D

KL/<D
= 𝑓 𝑡

𝑠 = 𝜎 + 𝑗𝜔where

Unilateral Laplace Transform

Inverse Laplace Transform
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Laplace Transform – Linearity Property

ℒ 𝑓 𝑡 = @ 𝑓 𝑡 𝑒/?>𝑑𝑡
D

2E
= 𝐹 𝑠
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Laplace Transform – Differentiation Property

ℒ 𝑓 𝑡 = @ 𝑓 𝑡 𝑒/?>𝑑𝑡
D

2E
= 𝐹 𝑠
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Laplace Transform Properties

𝐾G𝑓G 𝑡 + 𝐾O𝑓O 𝑡 𝐾G𝐹G 𝑠 + 𝐾O𝐹O 𝑠

𝑑𝑓 𝑡
𝑑𝑡

𝑠𝐹 𝑠 − 𝑓 0/

𝑑O𝑓 𝑡
𝑑𝑡O

𝑠O𝐹 𝑠 − 𝑠𝑓 0/ − 𝑓′ 0/

Time Domain Frequency Domain

@ 𝑓 𝑡 𝑑𝑡
>

/D

𝐹 𝑠
𝑠 +

1
𝑠
@ 𝑓 𝑡 𝑑𝑡
2E

/D

𝑓 𝑡 − 𝑡2 𝑢 𝑡 − 𝑡2 𝑒/>L?𝐹 𝑠

𝑒/S>𝑓 𝑡 𝐹 𝑠 + 𝛼

𝑓 0M

𝑓 ∞

lim
?→D

𝑠𝐹 𝑠

lim
?→2

𝑠𝐹 𝑠
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Laplace Transform of 𝑢 𝑡

𝐹 𝑠 = @ 𝑓 𝑡 𝑒/?>𝑑𝑡
D

2E

𝑓 𝑡 = 𝑢 𝑡
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Laplace Transform of 𝑒/S>

𝐹 𝑠 = @ 𝑓 𝑡 𝑒/?>𝑑𝑡
D

2E

𝑓 𝑡 = 𝑒/S>
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Laplace Transform Pairs
Time Domain

𝑒/S>𝑢 𝑡

𝑢 𝑡

𝛿 𝑡

sin 𝜔𝑡 𝑢 𝑡

cos 𝜔𝑡 𝑢 𝑡

𝑡𝑒/S>𝑢 𝑡

𝑡𝑢 𝑡

𝑒/S> sin 𝜔𝑡 𝑢 𝑡

𝑒/S> cos 𝜔𝑡 𝑢 𝑡

Frequency Domain

1
𝑠 + 𝛼

1
𝑠
1
𝑠O

1

𝜔
𝑠O + 𝜔O

𝑠
𝑠O + 𝜔O

1
𝑠 + 𝛼 O

𝜔
𝑠 + 𝛼 O +𝜔O

𝑠 + 𝛼
𝑠 + 𝛼 O +𝜔O
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Laplace Transform based Analysis - Example 1

C 𝑣, 𝑡
R

𝑣, 0/ = V2
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Example 2

𝑣"# 𝑡 C 𝑣, 𝑡
R

𝑣, 0/ = V2

𝑣"# 𝑡 = V"𝑢 𝑡


