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Sinusoidal Steady State Analysis Using Phasors
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Announcements

• Recommended Reading:
– Textbook Chapter 9

• Upcoming due dates:
– Homework 4 due by 11:59 pm on Monday March 25, 2019
– Lab report 4 due by 11:59 pm on Monday April 8, 2019

• Prelim 2 on Thursday March 28, 2019 from 7:30 – 9 pm in 203 Phillips
– Email afridi@cornell.edu if have conflict
– Will cover material through Lecture 24
– Prelim is closed-book and closed-notes
– Two double-sided page formula sheet is allowed
– Bring a calculator
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Dynamic Circuit with Sinusoidal Drive

𝑣"# 𝑡 C 𝑣& 𝑡

R
𝑣"# 𝑡 = V" cos ω𝑡 + 𝜙" 𝑢 𝑡

𝑡
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Particular Solution

𝑣"# 𝑡 C 𝑣& 𝑡

R
For	𝑡 > 0:

RC
𝑑𝑣&
𝑑𝑡 + 𝑣& = V" cos ω𝑡 + 𝜙"

𝑣&,5 𝑡 = 𝐵 cos ω𝑡 + 𝛾

Guess:

−RCω𝐵 sin ω𝑡 + 𝛾 + 𝐵 cos ω𝑡 + 𝛾 = V" cos ω𝑡 + 𝜙"

Substitute	guess	into	differential	equation:

−RCω𝐵 sin ω𝑡 cos 𝛾 + cos ω𝑡 sin 𝛾 + 𝐵 cos ω𝑡 cos 𝛾 − sin ω𝑡 sin 𝛾

= V" cos ω𝑡 cos 𝜙" − sin ω𝑡 sin 𝜙"

−RCω𝐵 cos 𝛾 − 𝐵 sin 𝛾 = −V" sin 𝜙"

−RCω𝐵 sin 𝛾 + 𝐵 cos 𝛾 = V" cos 𝜙"

Match	sin ω𝑡 and	cos ω𝑡 terms:
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Particular Solution (Cont.)

𝑣"# 𝑡 C 𝑣& 𝑡

R

RCω ;𝐵; cos; 𝛾 + 𝐵; sin; 𝛾 + 2RCω𝐵; cos 𝛾 sin 𝛾

Square	and	add:

= V"; sin; 𝜙" + V"; cos; 𝜙"

RCω𝐵 cos 𝛾 + 𝐵 sin 𝛾 = V" sin 𝜙"

−RCω𝐵 sin 𝛾 + 𝐵 cos 𝛾 = V" cos 𝜙"

+ RCω ;𝐵; sin; 𝛾 + 𝐵; cos; 𝛾 − 2RCω𝐵; cos 𝛾 sin 𝛾

RCω ;𝐵; cos; 𝛾 + sin; 𝛾 + 𝐵; cos; 𝛾 + sin; 𝛾 = V"; sin; 𝜙" + cos; 𝜙"

RCω ;𝐵; + 𝐵; = V"; 𝐵 =
V"

1 + RCω ;
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Particular Solution (Cont.)

𝑣"# 𝑡 C 𝑣& 𝑡

R

𝜃 = tanAB RCω

𝐵 =
V"

1 + RCω ;

RCω𝐵
1 + RCω ;

cos 𝛾 +
𝐵

1 + RCω ;
sin 𝛾 =

V"
1 + RCω ;

sin 𝜙"

RCω𝐵 cos 𝛾 + 𝐵 sin 𝛾 = V" sin 𝜙"

RCω1 + RCω ;

1
𝜃

𝐵 sin 𝜃 cos 𝛾 + 𝐵 cos 𝜃 sin 𝛾 = 𝐵 sin 𝜙"

sin 𝜃 + 𝛾 = sin 𝜙" where

𝜃 + 𝛾 = 𝜙" 𝛾 = 𝜙" − tanAB RCω
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Total Solution

𝑣"# 𝑡 C 𝑣& 𝑡

R

𝑣&,5 𝑡 =
V"

1 + RCω ;
cos ω𝑡 + 𝜙" − tanAB RCω

𝑣& 𝑡 = 𝐴𝑒AE F⁄ +
V"

1 + RCω ;
cos ω𝑡 + 𝜙" − tanAB RCω

𝑣& 𝑡 = 𝑣&,H 𝑡 + 𝑣&,5 𝑡

𝑣& 0I = 𝐴+
V"

1 + RCω ;
cos 𝜙" − tanAB RCω = 0

𝐴 =
−V"

1 + RCω ;
cos 𝜙" − tanAB RCω

𝑣& 𝑡 =
−V"

1 + RCω ;
cos 𝜙" − tanAB RCω 𝑒AE F⁄

Apply	initial	condition:

+
V"

1 + RCω ;
cos ω𝑡 + 𝜙" − tanAB RCω

𝜏 = RCwhere𝑣&,H 𝑡 = 𝐴𝑒AE F⁄
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Sinusoidal Steady State

𝑣"# 𝑡 C 𝑣& 𝑡

R

𝑣& 𝑡 =
−V"

1 + RCω ;
cos 𝜙" − tanAB RCω 𝑒AE F⁄

+
V"

1 + RCω ;
cos ω𝑡 + 𝜙" − tanAB RCω

𝑣"# 𝑡 = V" cos ω𝑡 + 𝜙" 𝑢 𝑡

𝑡

For	𝑡 > 0:
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Review of Complex Numbers in Polar Form

𝑧 = 𝑎 + 𝑗𝑏 𝑗 ≡ −1

𝑧

∡𝑧

𝑧 = 𝑎 + 𝑗𝑏

Re

Im

𝑎

𝑏
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Polar Form Complex Number Useful Relationships

𝑧 = 𝑎 + 𝑗𝑏 = 𝑎; + 𝑏;𝑒T UVWXY Z [\

𝑧

∡𝑧

𝑧 = 𝑎 + 𝑗𝑏

Re

Im

𝑎

𝑏

𝑧B𝑧; = 𝑧B 𝑧; 𝑒T ∡]YI∡]^

𝑧B
𝑧;
=

𝑧B
𝑧;

𝑒T ∡]YA∡]^

𝑧B _ = 𝑧B _𝑒T_∡]Y

𝑧B = 𝑧B 𝑒T∡]Y

𝑧; = 𝑧; 𝑒T∡]^

𝑒T
`
; = 𝑗

𝑒AT
`
; = −𝑗

Re 𝑧 = Re 𝑎 + 𝑗𝑏 = 𝑎

Im 𝑧 = Im 𝑎 + 𝑗𝑏 = 𝑏
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Sinusoid as Complex Number in Polar Form

Va𝑒T bEIcd = Va cos 𝜔𝑡 + 𝜙a + 𝑗Va sin 𝜔𝑡 + 𝜙a

𝑒Tf = cos 𝜃 + 𝑗 sin 𝜃Using Euler’s Formula:

Va cos 𝜔𝑡 + 𝜙a = Re Va𝑒T bEIcd = Re Va𝑒Tcd𝑒TbE = Re Vga𝑒TbE

Re

Im

Va

𝑣a 𝑡 = Va cos 𝜔𝑡 + 𝜙a

𝜔𝑡 + 𝜙a
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Phasor

Vga = Va𝑒Tcd

Vga𝑒ThE = Va𝑒Tcd𝑒ThE

Rotating Phasor (Complex Exponential)

Phasor

Va
𝜙a

Re

Im

Vga

Phasor has magnitude and phase

Alternate notation Vga = Va∠𝜙a
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Using Phasors to Solve Circuits in Sinusoidal Steady State 

LTI ≡ Linear Time-Invariant

V"𝑒T bEIcj = V" cos ω𝑡 + 𝜙" + 𝑗V" sin ω𝑡 + 𝜙" = 𝑎 + 𝑗𝑏

𝑎 = V" cos ω𝑡 + 𝜙" = Re V"𝑒T hEIcj

𝑏 = V" sin ω𝑡 + 𝜙" = Im V"𝑒T hEIcj

𝑎 + 𝑗𝑏 = V"𝑒T hEIcj

Drive: 𝑣"# 𝑡 = V" cos ω𝑡 + 𝜙"

𝑎 LTI Circuit

LTI Circuit

LTI Circuit

𝑏

𝑎 + 𝑗𝑏
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Phasor Analysis Method

1. Express drive as real part of a rotating phasor (phasor x 𝑒TbE)

2. Calculate response to the rotating phasor

3. Take real part of the response to the rotating phasor

LTI CircuitVg"𝑒TbE Vg&𝑒TbE

𝑣"# 𝑡 = V" cos 𝜔𝑡 + 𝜙" = Re V"𝑒T bEIcj = Re V"𝑒Tcj𝑒TbE = Re Vg"𝑒TbE

𝑣& 𝑡 = Re	 Vg&𝑒TbE = Re	 V&𝑒Tcl𝑒TbE = V& cos 𝜔𝑡 + 𝜙&
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Phasor Analysis Example

𝑣"# 𝑡 C 𝑣& 𝑡

R

RC
𝑑𝑣&
𝑑𝑡 + 𝑣& = 𝑣"#

𝑣"# 𝑡 = V" cos ω𝑡 + 𝜙" 𝑢 𝑡
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Phasor Analysis Example (Cont.)

𝑣"# 𝑡 C 𝑣& 𝑡

R Vg& =
V"emcj

1 + 𝑗RCω


