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Introduction to Circuits for ECE

Lecture 22

Driven Damped Second Order LC Circuits
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Announcements

• Recommended Reading:
– Textbook Chapter 8

• Upcoming due dates:
– Lab report 3 due by 11:59 pm on Friday March 15, 2019
– Prelab 4 due by 12:20 pm on Tuesday March 19, 2019
– Homework 4 due by 11:59 pm on Monday March 25, 2019
– Lab report 4 due by 11:59 pm on Monday April 8, 2019

• Prelim 2 on Thursday March 28, 2019 from 7:30 – 9 pm in 203 Phillips
– Email afridi@cornell.edu if have conflict
– Will cover material through Lecture 24
– Prelim is closed-book and closed-notes
– Two double-sided page formula sheet is allowed
– Bring a calculator
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RLC Circuit – Natural Response – Summary

L

𝑖# 𝑡

C𝑣' 𝑡

R

Series RLC Circuit

L

𝑖# 𝑡

C𝑣' 𝑡R

Parallel RLC Circuit

𝑠* + 2𝛼𝑠 +𝜔/* = 0

𝛼 =
R
2L

𝛼 =
1
2RC

ω/ =
1
LC

ω/ =
1
LC

Characteristic equation:

𝑠 = −𝛼 ± 𝛼* − 𝜔/*

A7𝑒
9 :9 :;9<=

; >
+ A*𝑒

9 :? :;9<=
; >

𝛼 > ω/

𝛼 = ω/

𝛼 < ω/

Critically damped

Overdamped

Underdamped

A7𝑒9:> cos ωE𝑡 + A*𝑒9:> sin ωE𝑡

A7𝑒9:> + A*𝑡𝑒9:>

ωE ≡ 𝜔/* − 𝛼*
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Quality Factor

Q ≡
𝜔/
2𝛼

𝑠* + 2𝛼𝑠 +𝜔/* = 0Characteristic equation:

Quality factor:

Overdamped: 𝛼 > ω/ Q <
1
2

Critically damped: 𝛼 = ω/ Q =
1
2

Underdamped: 𝛼 < ω/ Q >
1
2
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Underdamped Series RLC Circuit - Impulse Response

R

L

𝑖# 𝑡

C𝑣' 𝑡Q/𝛿 𝑡

Q/

𝑡0

𝑣' 0? =	?

𝑖# 0? =	?
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Underdamped RLC – Impulse Response (Cont.)

R

L

𝑖# 𝑡

C𝑣' 𝑡Q/𝛿 𝑡

𝑣' 0? =
Q/
C

𝑖# 0? = 0
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Underdamped RLC – Impulse Response (Cont.)

R

L

𝑖# 𝑡

C𝑣' 𝑡Q/𝛿 𝑡

𝑎 sin 𝑥 + 𝑏 cos 𝑥 = 𝑎* + 𝑏* sin 𝑥 + tan97 𝑏 𝑎R

Use Trigonometric Identity:

𝑖# 𝑡 = 𝑒9:>BC ωE sin ωE𝑡 + 𝜙 + 𝛼 cos ωE𝑡 + 𝜙

𝑣' 𝑡 = 𝑒9:>Bcos ωE𝑡 + 𝜙

𝑖# 𝑡 = 𝑒9:>BC ωE
* + 𝛼* sin ωE𝑡 + 𝜙 + tan97 𝛼 ωE⁄
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Underdamped RLC – Impulse Response (Cont.)

R

L

𝑖# 𝑡

C𝑣' 𝑡Q/𝛿 𝑡

𝑣' 𝑡 = 𝑒9:>Bcos ωE𝑡 + 𝜙

𝑖# 𝑡 = 𝑒9:>
B
Z/
sin ωE𝑡 + 𝜙 + tan97 𝛼 ωE⁄

𝑣' 0? =
Q/
C

𝑖# 0? = 0
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Underdamped RLC – Impulse Response - Waveforms

R

L

𝑖# 𝑡

C𝑣' 𝑡Q/𝛿 𝑡

𝑣' 𝑡 =
ω/

ωE

Q/
C 𝑒9:> cos ωE𝑡 − tan97 𝛼 ωE⁄

𝑖# 𝑡 =
ω/

ωE

Q/
CZ/

𝑒9:> sin ωE𝑡

𝑣' 𝑡

𝑡

𝑡

𝑖# 𝑡

T

T

Q/
C

𝑡

Q/𝛿 𝑡

T

Q/
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Driven Parallel RLC Circuit – Differential Equation

𝑖XY 𝑡 L

𝑖# 𝑡

C𝑣' 𝑡R
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Driven Parallel RLC Circuit – Step Response

𝑖XY 𝑡 L

𝑖# 𝑡

C𝑣' 𝑡R

𝑑*𝑖#
𝑑𝑡* +

1
RC

𝑑𝑖#
𝑑𝑡 +

𝑖#
LC =

𝑖XY
LC

𝑡

I/

𝑖XY 𝑡 = I/𝑢 𝑡

𝑖# 𝑡 = 𝑖#,^ + 𝑖#,_
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Parallel RLC Circuit – Step Response (Cont.)

I/𝑢 𝑡 L

𝑖# 𝑡

C𝑣' 𝑡R

C = 1	𝜇F R = 5	ΩL = 1	𝜇H

𝛼 =
1
2RC = 10e	rad/s

ω/ =
1
LC

= 10i	rad/s

ωE ≡ 𝜔/* − 𝛼* = 9.95×10e	rad/s
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Parallel RLC Circuit – Step Response (Cont.)

I/𝑢 𝑡 L

𝑖# 𝑡

C𝑣' 𝑡R

𝑣' 0? = 0 𝑖# 0? = 0

𝑖# 𝑡 = 𝑒9:>B cos ωE𝑡 + 𝜙 + I/

𝑣' 𝑡 = −𝑒9:>BL ωE sin ωE𝑡 + 𝜙 + 𝛼 cos ωE𝑡 + 𝜙
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Parallel RLC Circuit – Step Response (Cont.)

I/𝑢 𝑡 L

𝑖# 𝑡

C𝑣' 𝑡R

𝑣' 𝑡 = I/Z/
ω/

ωE
𝑒9:> sin ωE𝑡

𝑖# 𝑡 = I/ 1 −
ω/

ωE
𝑒9:> cos ωE𝑡 − tan97

𝛼
ωE

𝑖# 𝑡 = 𝑒9:>B cos ωE𝑡 + 𝜙 + I/

𝑣' 𝑡 = −𝑒9:>BL ωE sin ωE𝑡 + 𝜙 + 𝛼 cos ωE𝑡 + 𝜙

B = −
I/ω/

ωE
𝜙 = − tan97 𝛼 ωE⁄
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Parallel RLC Circuit – Step Response – Waveforms

I/𝑢 𝑡 L

𝑖# 𝑡

C𝑣' 𝑡R

𝑣' 𝑡 = I/Z/
ω/

ωE
𝑒9:> sin ωE𝑡

𝑖# 𝑡 = I/ 1 −
ω/

ωE
𝑒9:> cos ωE𝑡 − tan97

𝛼
ωE

I/

0

𝛼 = 10e	rad/sec

ω/ = 10i	rad/sec

𝑄/ =
𝜔/
2𝛼 = 5

𝑓p =
𝜔p
2𝜋 = 158	kHz

𝑍/ =
L
C = 1	Ω

𝑡

ωE = 9.95×10e	rad/s

C = 1	𝜇F R = 5	ΩL = 1	𝜇H


