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Chapter 13: Quantum Optics of
Lasers

13.1 Introduction
Consider a N two-level system interacting with a single mode of radiation in a cavity, as shown below.
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In this Chapter, we will discuss the operation of a laser composed of the above two-level systems
interacting with a single mode of radiation in a cavity. We assume that the two-level systems are
“pumped” into a population inverted state using a third level, as shown below.
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All electrons pumped form the lowest level into the third level relax down very quickly into the second
level. Including the effects of cavity photon loss, population relaxation, decoherence, and pumping one
can write the following set of equations,
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Here, the input vacuum fluctuation operators are,
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The photons coming out of the cavity are described by the equations,
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As discussed in an earlier Chapter, in the limit of strong decoherence one can integrate out the equations
for the operators &, (t) and &_ (t) and obtain the following operator rate equations,
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where,
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Suppose the average populations, photon number, and output photon flux are,
No (t)=<N2 (t)>
N0)=(0)

n(0)-(A(0)

Fr04)= (F0.) = (83 0] - 2

The average populations and photon number obey the equations,

gy =differential gain =
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In (1) and (2), it is convenient to assume that the spontaneous emission term is absorbed in the definition
of relaxation (i.e. 2gyNo is included in the term Ny /Ty ). Define, Ny (t)=N2 (l‘)—N1 (l‘), and since

N5 (t)-l— Ny (t)zN , one can write,

)= L)y NNl @
Subtract (2) from (1), to get,
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Equations (5) and (6) describe the operation of a laser.
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In the steady state (5) and (6) give,
1 1 1 1
0=N =3 |~ No| 7-+7|~49aNan 5b
(Tp TJ d(Tp TJ Jaltd (50)
0=[29de—i]n +9q[N+Ny | (6b)
T
p

Of course, one can use a computer to solve (5b) and (6b), which form a system of coupled non-linear
equations for the population difference and the photon number. To gain insight, we obtain approximate
solutions in different regimes.

13.2 Regimes of Operation for a Laser

13.2.1 No Pumping (1/T, = 0)

When the pumping rate is zero (i.e. 1/Tp = 0), one obtains the steady state solution,

Ng =-N
:>N1=N N2=0
n=0

When the pump is turned off, all electrons are sitting in the lower energy level and there are no photons
inside the cavity.

13.2.2 Medium Offers Net Optical Loss (0 < 1/T,<1/T)

Suppose pumping rate is increased from zero. Ny will increase from —N but will remain negative if
0< 1/ Tp <1/T;. The photons in the cavity experience no net gain, but net loss (loss from stimulated
absorption and from photons escaping from the cavity). The photon number in the steady state will be
very small. Therefore, in this regime (0 <YTp <V T1) we can solve (5b) and (6b) by first solving (5b)
for Ny assuming n =0, and then using the calculated value of Ny in (6b) to get n (and then verify that

n is indeed small). In other words, the population behaves as if no photons are present. Since the photon
number is small in this regime, stimulated emission and absorption rates are negligible compared to the
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pump rate and the relaxation rate and that is why it is justified to assume n =0 in (5b). Equation (5b)

gives,
T, T T -T,
Ny=N——~P 1 NP (7)
1 1 T1+Tp
—+— |+4g4n
T, T4
Using the above result in (6b) gives,
T -T,
n= 91d(N+Nd) {NdzN; Tp 8)
———294Ng 1
Tp

Ny vs 1/ T, as obtained from Equation (7) is plotted below.
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For all values of pumping rate 1/ Tp less than the relxation rate /Ty, Ny is negative. This means that the

stimulated emission rate (ZQd Ny n) is less than the stimulated absorption rate (2g4 Nqn). The material

offers net loss to the photons, and photons are lost from the cavity not just by escaping into the waveguide
but also by stimulated absorption.

13.2.3 Medium is Transparent (1/T,=1/T;)
When the pumping rate 1/Tp equals the relaxation rate /T we have,

T -T
Ng~N——P ~0
T1 +Tp

which implies,

Na =Nj
Transparency is the condition when the stimulated emission rate (ZQd Ny n) is equal to the stimulated
absorption rate (2gd Ny n). A transparent medium offers no net optical gain and no net optical loss.

However, the photons in the cavity will still see a net loss because photons can escape from the cavity.
But at least in transparency the material is not contributing to the optical loss. The photon number n is
still small, and so the approximation n ~0 in (7) remains valid.

13.2.4 Medium Offers Net Optical Gain (1/T,> 1/T, )
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When the pumping rate ‘I/Tp exceeds the relaxation rate 1/Ty, Ny becomes positive (population

inversion). This means that the stimulated emission rate (29d Ny n) is greater than the stimulated
absorption rate (ZQd Ny n), the material now provides net optical gain. Equation (6) shows that the net
optical gain experienced by the photons in steady state equals,

1
(2901 Ng - T_J
p

As long as 2g4 Ny << 1/ 7p the photons in the cavity experience net loss since the loss due to photons
escaping from the cavity exceeds the gain from the population inverted medium. Consequently, the
average number of photons n in the cavity is still small and therefore the approximation n ~0 in (7)
remains valid.

As the pumping rate is increased further, Ny increases (as given by Equation (7)) and at some point Ny

becomes so large that the optical gain from the medium approaches the optical loss due to photons
escaping from the cavity, i.e.,

294 Ng — u
e
Consequently, the number of photons in the cavity, as given earlier by Equation (8),
e 1af(N +Ng) )
— —2g94Nyg
’p

increases dramatically since the denominator approaches zero. In physical terms, the net photon
generation rate through stimulated processes (given by 2g4yNyn) is becoming equal to the photon loss

rate due to photons escaping from the cavity (given by n/ 7p ). Photons are multiplying at a rate nearly

equal to the rate at which they are leaving the cavity. Consequently, a large population of photons builds
up in the cavity in steady state. The relation,

_ d(N+Ny)

=
— —=294Nyg
Tp

suggests that the photon number will becomes o if 2gy Ny becomes equal to ‘I/ 7p , and even negative
if 2g4 Ny were to exceed 1/ 7p - So it must be that 294 Ny should never exactly equal 1/ 7p and must
always be less than ‘I/ 7p - How is this guaranteed? We go back to Equation (7),

[1_1j

Ng=N p__1 AN——P (7)
1 1 T1+Tp
—+— [+4g4n
T, Ty

When the photon number in the cavity is large the second approximate equality in the above expression
no longer remains valid. A large photon number will ensure in steady state the value of N, for a given

pumping rate, is much smaller than the value predicted by the approximate relation,
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The value of the pumping rate for which the above approximate relation (falsely) predicts that the
material gain 294 Ny will equal cavity photon loss 1/ 7p Is called the threshold pumping rate,

Ti=Ton 1
29gNg ~ 2ggN ——F= = —
T1 + Tpth Tp

1 1 (2ggN7p +1)

Tpth - ?1 izngTp —1’

The population difference value needed to make the material gain equal to the cavity loss is called the
threshold population difference,

1
29gNth = —
Tp
Nd A
N :
Medium offers
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1I/T 1I|T Ve
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-N

The question then is what happens when the pumping rate 1/ Tp approaches 1/ Tpth and when 1/ Tp
exceeds 1/ Tpth - This we address next.

13.2.5 Threshold and Lasing (1/Tp> 1/Tpt, )
We know that when 1/ T, approaches 1/ Tpth » 29q Ng approaches 1/ 7p , and consequently N becomes

very large. A large photon number n means a large stimulated emission rate (given by 2g4 Ngn). A

large stimulated emission rate means that the population in the upper level is getting depleted at a large
rate. Consequently, we cannot ignore the term that has n in the Equation,

T, T
Ny =N p__1

1 1
—+— [+4g4n
(Tp TJ

Suppose 1/Tp is equal to or larger than 1/ Tpth » and the material gain 2gy Ngn is close to 1/ Tp. If

1/ Tp is now increased then the photon number increases so much that the accompanying increased
stimulated emission rate keeps the population difference Ny from changing much at all. The net result is
that when the pumping rate 1/ Tp is increased beyond 1/ Tpth , the population difference does not change

at all and only the photon number increases, and the increase in the photon number is such as to keep the



Quantum Optics for Photonics and Optoelectronics (Farhan Rana, Cornell University)

value of population difference Ny from changing much. This pinning of the population difference Ny,

and the material gain 2gy Nyn, when the pumping rate 1/ T, rate is equal to or larger than the threshold
pumping rate 1/Tpth , 1s called gain saturation. The rapid increase in the photon number (when the

pumping rate 1/ T is larger than the threshold pumping rate 1/ Tptn ) is called lasing.

Approximate Model for Lasing: When the pumping rate 1/ Ty exceeds the threshold pumping rate
1/Tpth , the population difference does not change much and remains pinned at values close to the

threshold value Ny,

p
Of course, the above relation is not exactly true since the material gain 294 Nyn must always be less

1
Ng ~ Ngtn {2ngdth =

than the cavity loss 1/ Tp - We need to find the cavity photon number when 1/ Ty exceeds the threshold
pumping rate 1/ Tpth - We should not use Equation (8) (or Equation (6b)),

__d(N+Ny)

-l
— —294Ny
p

since our assumption of Ny = Ny, will give an infinite value for n. Instead, we use Equation (5b) to
determine n above threshold,

1 1 1 1
0=N| —— - L |_N, | —— 4 |—4g Nyn 56
(Tp TJ d[TP TJ JoTd 56)

We can replace Ny in the above equation by its approximate value Ny, (where 294 Nyypy = 1/ Tp ) to

o=y L Tt [ ),
Tp T1 ngTp Tp T1 Tp

o=n P [ T ,n
Tp T1 2ngp Tp T1 Tp

(2g4N7, —1)[ 1 1th]

get,

=n=

Tp Tp

When 1/ Ty exceeds the threshold pumping rate 1/ Tpth » N increases linearly with the pumping rate, and

494 \T, T,
the population difference Ny remains fixed at a value close to Ny, .

13.2.6 Approximate model for 1/T, < 1/Ty, (laser below threshold)
Below threshold, the population difference increases with the pumping rate. The photon number also
increases with the pumping rate but remains relatively small.
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13.2.7 Approximate model for 1/T, > 1/Tp, (laser above threshold)
Above threshold the population difference is pinned at the threshold population difference value. The
photon number increases linearly with the pumping rate.

1
Ng = Ngin {ngthh =

p
, M{LLJ
494 Y
Since,
Ng =Nz - Nj
N =N2 + N1

above threshold the populations in both the upper and the lower level are also constant,
_ N + thh _ ﬂ n 1

Ny
2 2 4g47,
=
N N=New N __ 1
1 2 2 4gyr,
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13.2.8 Output Photon Flux and Output Power
Below threshold, the output power is small and is due to amplified spontaneous emission and one can
approximate the output power as being zero. Above threshold, the flux of photons leaving the cavity is,
n (ZQsz'p —1) i_ 1
Tp 4gd Tp T,D Tpth

Therefore, the output power above threshold is.

n (ngNTp_1)(1 1 J

Ty Tom

P=hw, —=ho
© Tp © 49q7p

13.2.9 Exact Graphical Solution
The steady state Equations (5b) and (6b),

o (i_iJ_Nd [i+1]_4ngdn (5b)

T, Tq T, Ty
Oz[ng Ny —iJn+d[N+Nd] (6b)
T
p

can be solved graphically to obtain solutions for both below and above threshold operation. The Figure
below shows the graphical solution of Equations (5b) and (6b). Equation (5b) is plotted (dashed) for
different values of the pump rate 1/ T, . Equation (6b) is plotted (solid) as a single line. It can be seen that
for pumping rates below the threshold pumping rate 1/ Tpth , the population difference Ny increases with

the pumping rate and the photon number remains very small. When the pumping rate exceeds the
threshold pumping rate, the population difference Ny remains fixed at values close to Ny and the
photon number increases rapidly with the pumping rate.

10
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n 4 v Increasing 1/T),

13.2.10 Laser Stability above Threshold and Relaxation Oscillations

The steady state solution of the laser rate equations above threshold is,

1
Ng ~ Ngth {2deth =—
Tp
n= (ZQdNTp _1)[i_ 1 J

494 Tp Tpth

The questions is how stable are the above steady state values? In other words, if the populations or the
photon number are perturbed from their steady state values do they return to their steady state values? To
study the stability of the laser above threshold expand the population difference and photon number
around their steady state values,

Ng(t)=Ng +ANy(t)

n(t) = n+ An(t)
Plug the above expansions in the laser rate equations,

MzN{L 1}_Nda)[Ti+T1J—4gdwd<t>n<t>

dt T, Tq )

d’;_gt)= [2gd Ng(t)- %} n(t)+gq[N + Ny (t)]

Since An(t) and ANy(t) are small perturbations around the steady state, one can ignore terms that are of
second order in the perturbations (i.e linearize the equations) to get,

11
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at 2 p
~2dn ~0
1 1 2
d|[ANg(t)| |—|=—+—=—+4ggqn| ——=|| ANg4(t)
= = T, T1 T
dt| An(t) p Pl An(t)
2gq4n 0
Let,
1 . . L 1 1
— =differential relaxation time = — + — + 4g4n
T, P y
1 2
d [ANd(t)} |- r_ - r_ {ANd(t)}
- _ ] )
dt| An(t) 2g4n 0 An(t)

Solution: The above coupled differential equations give,
> 1d .
—t——tor
dtc 7, dt

- o z
9L 192 =0
dt?2  , dt

AN(t) =0

Where,
4g4n
a),z _29dn _ relaxation oscillation frequency
T
p
The second order differential equations show that the perturbations ANd(t) and/or An(t) are damped

and the laser is stable above threshold against small perturbations. The general solution can be
written as,

ANg(t)= Ae U7 sin(Q,t)+ Be ™! cos(Q,t)
An(t) = ce sin(Q,t)+De_t/Tf cos(Q,t)

where Q, = a),z 1

42',2

The constants A,B,C and D are set by the initial conditions. Therefore if the population difference or the
photon number are disturbed from their steady state values they return to their steady state values
executing damped oscillations which are called relaxation oscillations. Since,

dAn(t

danlt) _ 2g4n ANy (t)

dt

during relaxation oscillations photon number oscillates 90° out of phase with the population difference
oscillations. The Figure below depicts the relaxation oscillations that occur when the population

12
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difference is suddenly increased from its steady state value (by momentarily increasing the pumping rate,

for example).
A

An(t)

13.3 Field Amplitude Equation for a Laser and Analogy with Second

Order Phase Transitions
In this Section, we look at the field amplitude and phase dynamics in a laser. We suppose that,

(&) = plte™""

and therefore expand the destruction operator as follows,

a(t) = p(tle "t + A4(t) { where (A4(t)) = 0

We use the above expansion in the equation,

. (— i %]é(m 9a Vo)~ Rn(O(0)+ 670 Fup(0)+ |- $ip(t)e ™
p

dt )

and take the average of the resulting equation to obtain,

<N2 (t)- Ky (t)>

Assuming <Aé+ (t)Aé(t)> << | Vi (t}2 , the average population difference satisfies,

dNg(t) _ N(i _ i} ~Ny (t)(i +Ti1] ~4ggNy t) At

dt T, T Ty

Suppose we are interested in field dynamics over time scales much longer than the population relaxation

times. One can then obtain a simple relation between the average population difference Ny (l‘) and | Vi (t)|2

by setting dNy (l‘)/ dt = 0 in the above equation. The result is,

11
T, Ty
1 1
[T ¥ TJ +4g4|B(t)

p
The above equation can be used to eliminate Ny (t) in the equation for ,B(l‘) to get,

Ny(t)=N

13
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L
T, T
PO - gy P - |t
L M lagglpe 7F
T, T d

P(t) is a complex field amplitude, with an amplitude and a phase, or equivalently, with real and
imaginary parts. Let S(t)= x4(t)+ 7 xo(t), where x4(t) and x5 (t) are real. We can also define a vector
r(t) in the two dimensional X4 — X plane as,

F(t) = xq(t) X + xo(6)y
and,

r2(0) =F(0)-7(O) = X7 )+ x5 (0) = | ()
Then the equation for S(t) can be written as,

%f) =-VV(F(t)

where,

2
viy=—L— -1 1d1N[i
4, 211707,
T, T

The dynamical equation, dF/dt =—VV(F), shows that the vector F(t) moves in the direction of the
steepest descent with respect to the function V(F ) and in steady state r(t) will be at the point where the

function V(F ) has a minimum. Below, we examine the minima of V(F ) as a function of the pumping rate
1/ T, .
p

13.3.1 Laser below Threshold (1/T, < 1/ Ty )

Recall that the threshold pumping rate is,
1 1 (2ggN7p +1)

Toth T (29gN7p —1)
For 1/ Tp < 1/ Tpth » the function V(F ), plotted below, has only a single minimum at r = 0. Consequently,

below threshold the steady state solution is,
r(t)=x1(t) X+ x2()y =0

= (4(1) - Al " =0

Note that although photons due to amplified spontaneous emission are present in the cavity, the average
field amplitude is zero since the field has no well-defined phase.

14
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13.3.2 Laser above Threshold (1/T,> 1/Tpe, )
For pumping rate above the threshold pumping rate, the function V(F ) has a minima for all points in the
two dimensional X4 — X2 plane with values of r equal to ry,j, where,
2 (RggNrp-NO[1 1
=" | = =
494 Tp 7-pth
Therefore, in steady state,
294 Nz, -1
|,8(t)|2 = rnz1in _29gNrp =D 1 1 _ steady state photonnumber = n
494 Tp Tpth

Note that the function V(F ) is radially symmetric and only depends on the distance from the center (i.e. on
r(t)-r(t) and not on the direction of r(t)). The contour of minimum values of V(F ) form a circle in the
two dimensional X4 — X of radius Iy, - Recall that,

(&) = plee ™!

Above threshold, the field operator has a non-zero average amplitude and a phase,
e
PO = x1(t) + 1 xa(t) = X2 (0)+ x5 ¢) &' b2l
= r(t)ei¢(t)

The laser equations uniquely determine the average amplitude of the field in steady state but not the
average phase of the field. In fact, there is no preference for any particular value of the phase ¢(t). Above

15
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threshold, the field acquires an average value of the phase that is quite arbitrary. In other words, there is
spontaneous breakdown of phase symmetry above threshold. This is quite similar to the breakdown of
spin up-down symmetry in ferromagnets below the magnetic phase transition temperature. Although the
spin-spin interactions in a ferromagnet can have complete up-down symmetry, the ferromagnetic state
below the transition temperature has all spins either pointing in the upward direction or in the downward
direction and the actual up or down direction selected is quite arbitrary. Thus, the lasing transition has
many features in common with second order phase transitions.

Since there is no restriction on the average phase ¢(t) of the field above threshold, the smallest possible
noise or perturbations can send it wandering on the circle shown in the Figure above. But the magnitude
of ,B(l‘) is more or less fixed and equals Jn . We have already seen that any perturbation in the steady
state value of n decays after executing relaxation oscillations.

13.4 Laser Phase Diffusion and the Schawlow-Townes Expression for
the Laser Linewidth

13.4.1 Laser below Threshold (1/T, < 1/Tp )

Consider first a laser operating below threshold. The Heisenberg equation for the field operator is,

gat) _ [— i, — ZLJé(m ) Fop(t)+ \/I i (t)e ™ot

Here, the Langevin operator Issp(t) models the spontaneous emission noise and the Langevin

operator é,-n(t) models the vacuum fluctuations entering the cavity. If one is interested in phase
fluctuations over long time scales (long compared to the population relaxation times) then to a
very good approximation one can replace the operator Nz(t)—N1(t) by its average time
independent value,

<N2 (t)- Ny (t)> = Ng

98O _| iy +| ggNg ——— | [a(t)+ e 70t Fopty + |- &t !
dt 2rp T

Recall from an earlier Chapter that the spectrum of a quantum state of light is related to the
Fourier transform of the first order coherence function,

to get,

S(w)= [dr gq(t,t +7) e

. <é+(t)é(t+r)>
“a \/<é+(t)é(t)> (6" ¢+ cilt+ <)

The Heisenberg-Langevin equation above can be solved to get,
S(a)) _ Aw

(o-00f +[ 2]

iot

16
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where the FWHM linewidth of the spectrum is,

1
Aw=—-— 2gd Nd
“p
In steady state, the difference between the photon loss rate and the stimulated emission rate is the
spontaneous emission rate,

1
{— —294 Ny J” =2g94N>
Tp
Therefore,
2g4N
Aa)zi—ng Nd =—gd 2
T p n

As the laser approaches threshold, and the gain begins to approach the loss, the linewidth narrows. Right
before threshold, when,

= spontaneous emission rate

1
29q Ng = —
Tp
using the definition of the spontaneous emission factor given earlier,
N,
"0 = Ny~ Ny
2~
we can write,
1 2g4N 1n
Aa)z——ZQd Nd = gd 2 =— P
Tp n Tp n

13.4.2 Laser above Threshold (1/T,> 1/Tp )

Below threshold, both the in-phase and the out-of-phase quadratures of the noise operators affect the laser
linewidth. Above threshold, the amplitude fluctuations are stabilized as a result of gain saturation and the
amplitude and phase dynamics are decoupled. Consequently, only the out-of-phase quadratures of the
noise operators affect the linewidth. Out-of-phase noise perturbations cause the laser phase to diffuse in
time and this phase diffusion determines the laser linewidth.

Consider a laser operating above threshold. Suppose at time ¢ the field operator has an average value
given by,

where | ﬂ| is the average field amplitude and ¢ is the average phase of the field. We would like to study

the phase dynamics. The field operators obey the equations,

&0 [— 0 - %}é(t% ga [Va(t) - Fa(O(0)+ 670" Fp(t) + \/TI U ©)
o

dt )

da"{t) _ (,-wo -L}r(m g9 &* (ON2(0) - Ry(0)] + 60" Fgp(t) + F Sin ™! (10)
e

dt 21'p

Recall that one can expand the field operator in terms of quadrature operators that are along and
perpendicular to the direction specified by the average phase value,
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8(t) = [%4(6)+ i%g. o2 ()] € 71"
= |8 €710t L ARy (t)+ AR 4. 52 (1)) 40!
Also recall that the phase fluctuation operator is,
. AX t
A¢(t)= ¢+7I/2( )
1Al
In order to obtain an equation for the phase fluctuation operator we substitute the expansion of the field

operator in terms of the quadrature fluctuation operators in Equations (9) and (10) and subtract the
resulting equations. The result is,

d Ad(t) { (Ko t) - ()]~ }A(ﬁ() 1{Asp(l‘)e—f¢_.’ss:;>(t)ei¢]

dt A 2i

Sin(t)e™" S+ ()"
L |

Above threshold the average value of the population difference is fixed and equal to Ny, . Any

deviations from this average value are quickly restored. Therefore, if one is interested in phase
fluctuations over long time scales (long compared to the population relaxation times) then to a very good

approximation one can replace the operator N 2(t) - N1 (t) by its average value,

(Ria (£) - Ry () = Ny (¢) = N = 2g;fp

to get a much simpler equation for the phase fluctuation operator,

dAd(t) 1| Fep(t)e™ - Fop ()’ Sin(t)e™ - S+()e’¢
at g 2i Iﬂl

)| = rmi
1T, > UTp, N = Frin

The above equation shows that the phase is kicked around by noise just like a particle undergoing
diffusive motion. There is no mechanism that restores the phase to a specific value. The noise driving the
phase is due to spontaneous emission and also due to vacuum fluctuations entering the cavity from the
waveguide. The role played by spontaneous emission can be understood in a semi-classical spirit as
follows. Every spontaneously emitted photon has a random phase. Therefore, after every spontaneous
emission event the average field phasor gets a random kick whose component tangent to the field phasor
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contributes to the phase noise. Under the action of the noise, the field phasor wanders randomly on the
circle of radius rmin where,

|ﬂ| = m|n =n

The diffusion equation for the phase can be directly integrated to give,

<[A¢3(t)m<t')]2>[

Q

294Ny (2nsp - ) 1z, o
4| 414
2ngdth (2’278,0 ) 1/Tp :| |t t'| {Nd ~ thh above threshold
48] 4 |:B| Note
Vrp (2ns§ ) 7p it —t] {ZQdeth 1 above threshold
48 4|4 i

N ) |t—t'|
2tp (N

that the laser phase
vacuum fluctuations.

diffusion has almost equal contributions from spontaneous emission and

We are now in a apposition to look at the laser linewidth,

S(w)= [dr gq(t,t +7) e

0

= [dr

iot

<é+ (t)alt + T)>

“ \/<é+ (0alt)) (4 (¢ + o)t + o)

For a laser above threshold we have,

Y& ©B() (& ¢+ e)ate+ ) =157

and,

<é+(t)é(t+

Therefore,

T)> N |,B|2 oot <e—i AG(t) eiAqB(t+r)>

<[A¢ —Ad t+r)]2>

| ﬁ| RUC LI - 2

_T(”sp]
=|pPeoor e FPL T
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S(w)= Jdr gylt,t +7) e

Ofdr e drp N e—iworeiwr
-0

Aw
(o-00f +[ %)

The frequency spectrum of the lasing mode is Lorentzian and the full-width at half-maximum
(FWHM) laser linewidth Aw equals,

n
MZL[&}
Zz'p n

The above expression for the laser linewidth is called the Schawlow-Townes expression (named
after the inventors of the laser). Note that the laser linewidth, just after threshold is one-half the
laser linewidth just before threshold. All lasers have linewidths that are equal to or greater than
the value given by the Schawlow-Townes expression. A large number of average photons in the
cavity implies a smaller linewidth. When the number of photons in the cavity is large the phase
kick resulting from the addition of each spontaneously emitted photon is small and, therefore, the
laser linewidth is narrow. The Schawlow-Townes expression is more often written in terms of
the output power P of the laser,

Aw = o nﬁ
22’% P

The above relation shows that high power lasers with long cavity photons lifetimes have
narrower linewidths.

13.5 Photon Number and Photon Flux Noise of a Laser

13.5.1 Photon Number Noise inside the Laser Cavity
We use the following three equations to find the photon number and photon flux noise of a laser
operating above threshold,

d /\:;? (t) _ I\Al;st) _ /Q72_1(t) ~ 294 [/\“/Z(t) - N1(t)]é+(t)é(t)_ Bul)+ Folt)

- {e"""o’ &% (t) Fsp(t) + € Fy (t)é(t)}

d/\;/;t(t) __ /\A/;lft) + N%(t) +294 [Nz (t)— N1 (t)]é+(t)é(t)+ ,EN (t)— ﬁp (l‘)

+ {e"“’ot &% (t) Fep(t) +e'! lfgp(t)é(t)}
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d’;—(tt) - —@ + 294 [Nz(t) - N1(t)]ﬁ(t) + {e"’“’of &7 (t) Fop(t)+ /™" Fo (t)é(t)}

p
s {é*(t)é,n(t)e_ia’ot +e’“’°fs";7(t)é(t)}
T
p
Recall that one can write,
60l & (1) Fep )+ 0" Fap ()& (1) = 294 (N (1)) + o t)

where ,3” (t) is a zero-mean noise source that describes the shot noise associated with the optical
transitions,
(Fy O 0) = [29Na (0 + 1)+ 294Nn] 5t 1)
We also write,
L {é*(t)s“,-,,(t)e"""ot +e’“’0fs“;,(t)é(t)}: F(t)
T
o
where,
- - 1 n Ll
(A, 0 () = st -)
Tp
The vacuum fluctuations thus describe the shot noise associated with photon loss from the cavity.

Consider a laser operating above threshold. We assume that,
No(t)= N + AN 0 )+ AR 0)
Ni(t) = Ny + AN4(¢)
At) = n+ AA(t)

We linearize the non-linear equations for the photon number and the population difference operators. The
linearized equations for the fluctuations become,

d {Aﬂd(t)} _ 1 —% {AI\AId(t)} N {— 2Fy (t)+ 2Fp () - 2F, (t)}

dt| AA(t) o Pl adc) Fo(t)+F
2 ggn 0 n V(t)
These equations are best solved in the Frequency domain. Upon Fourier transforming we get,
- _ij _2 . - N
ANy (@)| H(w)| ~'* 0 ||~ 2Fy(@) + 2Fp (@) - 2F, (o)
A(@) | w? |2g4n —io+ Ti F. (o) +F, (o)
r
Here,
2
H(w) = — 02)r a)r2=49—dn i=i+i+4gdn
(of —0%)—i o/t “p v Tp T4

The function H(w) is the modulation response function of the laser. It describes the response of a laser to
perturbations of different frequency. The shape of the function |H(a))| is plotted in the Figure below. The

Figure shows that a laser does not respond to perturbations of frequencies much larger than the laser
relaxation oscillation frequency @ .
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10 : :
102 10 10° 10’

The photon number noise spectral density can be found using,

Sunn(e)= | 52 (8" (@)si(o)

2
H(w) N. N.
Suman(@) = O ) 2g 2| a2 . 4 Mo
@y T4 Tp

2
+ £m2 + (Ti - 4gdn) J[ng Ny (n +1)+ 294Ny n]
r

(2 (2]

The mean square photon number fluctuations can be found by integrating the noise spectral density,
"D < dw
(872(0)) = Ranan( =0) = | 22 Sanan(o)
Cw 27
Using,
N2 Ny
"% =N, — Ny TNy Ny
2~ 2~
the normalized variance in the photon number is,

<Aﬁ2(t)> _ Tf{”sp Nsp — 1}

+
n T1 Tp

Nsp -1

{ Non - radiative transitions and pump noise

T 2ng, —1
+ 7, % + [TL + TLJ P P { Stimulated emission and absorption noise
1

P 8gq4n p
T
+7, 1 + 1 p_| 1 { Photon loss noise
2 \7,) 8ggn | 7p

Above threshold, the value of ng, is a constant (does not change with pumping) and its value is fixed by
the lasing condition,
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1
29gNg = —
p
At transparency, Ngp, is infinite. If the medium is completely inverted then Nng, equals unity. In actual
lasers, the value of ngy, is somewhere between infinity and unity. Here, we will assume that ng, >>1

above threshold.

Photon Number Noise Much Above Threshold: We now look at the photon number noise much above
threshold, in the limit of strong pumping when 1/Tj, >> 1/T 4, ,1/Ty . The steady state photon number is,

(2ngrp—1)[ 11 J“ (2g4Nz, 1)
th

4gd Tp Tp 4ngP

Since, by assumption, Ngp >> 1, we have,

ngNTp = ngNdTp(N—l\:jj = (N—I\:jj = 2nsp —1>>1

and therefore,
(2ggNz, 1) N7

~
~ ~

4ngp 2 Tp
This also means that,

4gq4n >> al
Tp
and,
i:i+i+4gdn ~4gq4n
Tr Tp T1
Thus, in the limit ng, >>1 and 1/Tp >> 1/Tpth ,9/T;y, one can approximate the expression for the

variance in the photon number as,

<Aﬁ2 (t)> ]
—r { Pump noise
n 2
+0 { Stimulated emission and absorption noise
+ % { Photon loss noise
=1

In the assumed limits, the dominant contributions to the laser noise come from the pumping process and
from the shot noise associated with photon loss from the cavity. Interestingly, the contribution from the
shot noise associated with the stimulated emission and absorption processes has disappeared. The reason
for this is as follows. Suppose that in a certain time interval there are more stimulated emission events
than given by the average stimulated emission rate. The extra stimulated emission events will end up
depleting the gain in the two-level system medium. Consequently, the emission events in the successive
time interval will be reduced in number because of the reduced gain in the medium. The result is that the
total number of emission events in these two successive time intervals will be more or less close to the
value dictated by the average stimulated emission rate. This instantaneous negative feedback from the
gain medium helps reduce the noise from stimulated emission and absorption events. Noise from non-
radiative transitions is negligible much above threshold compared to the noise from the pumping process.
The above expression shows that much above threshold the variance in the photon number approaches the
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mean photon number. This, as we know, is a characteristic of a coherent state. However, to infer from this
result that the quantum state of radiation inside a laser cavity is a coherent state would be a mistake. As
we have seen in earlier chapters that a statistical mixture of number states with a Poisson probability
distribution will also exhibit the same photon number characteristics.

13.5.2 Photon Flux Noise outside the Laser Cavity

The laser photon noise outside the cavity is different from the noise inside the cavity. Consider the noise
form photon loss events. As seen in the previous Section, these events contribute half of the photon
number noise inside the cavity much above threshold. The question arises if the photon loss events would
also contribute noise to the photon flux noise outside the laser cavity. Suppose that in a certain time
interval there are more photon loss events than dictated by the average photon loss rate from the cavity.
The extra loss events will end up reducing the number of photons inside the cavity. Consequently, the
photon loss events in the successive time interval will be reduced in number because of the reduced
number of photons inside the cavity. The result is that the total number of photon loss events in these two
successive time intervals will be more or less close to the value dictated by the average photon loss rate.
This instantaneous negative feedback from the cavity helps reduce the photon flux noise outside the laser
cavity. We will see how this comes out from the math in the discussion that follows.

Cavit

U_:[%r | Waveguide U
17 B

v

The field in the waveguide is described by the operators,

Sout ()l ™" = Jvgbr(z = 0,t)e ™!

1. : -i 1 a0)-$, (e
:\/ga(t)—\/gbL(z:O,t)e 1o =\/ga(t)—8in(t)e 1ot

The average photon flux escaping from the laser cavity is,

Fale=00)- 20 E {000 85 001408508,

p

</3R (Z = O,t)> < out (t)sout( )> <A£t)>
The flux noise operator is,

- AN(t
Malz=0.)= 2P0 £, 1) 83 (08, 0)
p
The last term will never contribute upon averaging so we can neglect it and write,
Az =0.)= 210 _ ¢ ()
p
The above equation is best solved in the frequency domain,

Ma(z=0,0)=21) _£ ()
Tp
Inside the cavity we know that,

24



Quantum Optics for Photonics and Optoelectronics (Farhan Rana, Cornell University)

. i 2 . 5 .
ANg(@)|_H(w)| ~' || 2Fn(@) + 2Fp (@) - 2F, (@)
Aﬁ(a)) a)r2 Zan —I.C()-i-z_i ﬁn(a))"'ﬁv(w)
r
which implies,
AA(o) :Lg’)[ 2gqn (- 2By () + 2Fp (@) - (4gdn tio- ,i)ﬁn (@) - (ia) - Tijﬁv(w)}
a)r r r
And therefore,
= Ad(w) 2
AFr(z=0,0)= ~F, (@)
T
p

- @[ 29an - 26y (@) + 2p (o) (4ggn +i0r- ﬁjﬁn(w)} o) 1+ (1 1)

Tr
O Tp OrTp

The above expression is very interesting. If we consider the photon flux noise at high frequencies, such
that @ >> @, and H(aJ) = 0, we get,

AFg (z=0,0)= -F, (o)

Recall that,
Tl {é+(t)§,n(t)e_iw°t +e/®o!St (t)é(t)}: F,(t)
which implil;s,
SaFeafy (@ >> @)= i%’@ﬁ,; (z=0,0)AFR(z =0, a))> - % = (Fr(z=0,t))

Thus, at frequencies much higher than the laser relaxation oscillation frequency, the noise in the output
photon flux (as seen in the flux noise spectral density) is entirely due to the beating between the field
emerging from the cavity and the reflected portion of the vacuum field incident on the cavity, and the
resulting noise is exactly at the shot noise level. Next, we look at the photon flux noise spectral density at
frequencies smaller than the laser relaxation oscillation frequency, when @ << @, and H(a)) ~1. We

assume, as before, ng, >>1 and strong pumping such that, ’I/TP >> 1/Tpth ,9/T; . First note that the

coefficient of the noise source Isv(a)) goes to zero in this limit,

1, Hl@) (ia)—ij ~0

a),zr ) tr

This shows that photon loss processes indeed do not contribute to photon flux noise outside the laser
cavity at low frequencies. The result for the photon flux noise spectral density at low frequencies is,

SaFrAFr (o< o) =1 { Pump noise
n/z,

+0 { Stimulated emission and absorption noise

+0  { Photon loss noise

=1
Interestingly, at low frequencies the photon flux noise is again at the shot noise level but the noise at low
frequencies is entirely due to the pumping process. The noise accompanying pumping is not fundamental.

In semiconductor lasers, for example, pumping is performed by an electrical current which takes electrons
from the valence band into the conduction band. Electrical current pumping is essentially noiseless (if one

25



Quantum Optics for Photonics and Optoelectronics (Farhan Rana, Cornell University)

ignores the small amount of current noise from the circuit resistances). Therefore, one would expect that
the low-frequency photon flux noise of electrically pumped semiconductor lasers to be much smaller than
the shot noise level. This turns out to be the case. Photon flux noise from semiconductor lasers has been
demonstrated to have values as much as ~13 dB below the shot noise level. Photon flux noise below the
shot noise level is a characteristic of amplitude squeezed states. However, to infer from this result that the
quantum state of radiation emerging from a semiconductor laser cavity is an amplitude squeezed state
would be a mistake. A statistical mixture of number states with a sub-Poisson probability distribution will

also exhibit the same photon number characteristics.
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