Lecture 3

Electrostatics

In this lecture you will learn:

* Three ways to solve problems in electrostatics:
a) Application of the Superposition Principle (SP)
b) Application of Gauss’ Law in Integral Form (GLIF)

c) Application of Gauss’ Law in Differential Form (GLDF)
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Field of a Point Charge (GLIF)
Consider a point charge of g Coulombs sitting at ¥ =0

By symmetry, electric
field can only point in a —
the radial direction

| {2, E .da = fff p aV|

Surround the charge by a Gaussian surface in the form of a spherical shell
of radius r
By symmetry, the E-field magnitude on the surface
E must be uniform and pointing in the radial direction

Using Gauss’ Law: ¢, E, (47r r2)= q

= E—L or

r= 2
4re, r
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The Principle of Superposition in Electromagnetics

Maxwell’s equations are LINEAR and allow for the superposition principle to hold

* Suppose for some charge and current densities, p, and j1 , one has found the
E and H fields, E; and H,

* Suppose for some other charge and current densities, p, and Jz, one has also
found the E and H fields, E, and H,

The superposition principle says that the sums, (E1 + l:=2) and (I:I1 + Flz) , are
the solution for the charge and current densities, (p1 + pz) and (j1 + .72)

A Simple Proof

V.5, Ey = py V.&, Ey; = p, V. &, (E1+Ez)=(P1+P2)

V., H=0 V., Hy=0 V. p, (A, +H,)=0

VxE =0ttt g g Okt g (L E )=_J—)6/‘° Hi+H,
! ot 2 ot e ot

VxH, =J, +6saotE1 Vi, =dp+2%E2 (4 Ay)= (3, + d )+ 9% 1:=31t+52
ECE 303 - Fall 2007 — Farhan Rana — Cornell University
Two Point Charges (SP)
We know that a single charge produces a radial field given by: E = sz
4re, r

Consider Two Charges

L E, = sz
ro.- i 47e, I,
Lp)
.- E-z - 2 F,
« ° 472'80 r
94 9>

Total E-field at any point is the vector sum of the contributions from each charge

E_1'01'AL = E1 + E_z
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A Charge Ring (SP)

; _
Coulom?slTn\

Question: What is the total electric field at point P at a distance z from the ring
center on the z-axis ?

Symmetry Argument: The total contribution to the x-component and also to the y-
component of the field at point P are both zero (why?)

* The z-component of the contributions from each element ds can be added
algebraically to get the final answer:

A2ra A2ra z

E = =0, = 0 =
z(x y z) 4”8°(az+zz)c°s( ) 4”80(a2+zz)\/a2+zz

* For distances z >> a, the field behaves like that of a point charge with total
charge 4 2ra

A2ra

Ez(X=y=°’ZX = dre 22
o

z>>a

ECE 303 - Fall 2007 — Farhan Rana — Cornell University

A Line Charge (SP)

X
A Coulombs/m
dz'
-L/2 212
z
y

Question: What is the total electric field at point P at a distance z from the line
center on the z-axis ?

Symmetry Argument: The total contribution to the x-component and also to the y-
component of the field at point P are both zero (why?)

* The z-component of the contributions from each element dz’ can be added
algebraically to get the final answer in an integral form:

sz Adz" AL

ipdns,(z-2'Y 4ns,(2*-(L/2))

* For distances z >> L, the field resembles that of a point charge with total
charge AL

E,(x=y=0,2z)=

AL

B =y =02)s = e

z>>L ~
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f Field of an Infinite Charge Plane (GLIF)
o = surface charge density (units: Coulombs/m?)

Symmetry Argument: The charge distribution is
symmetric w.r.t. +z and -z directions. Therefore, if at any
point there is an E-field component in the +z direction,
there must also be E-field component in the —z direction.
Since the field cannot have a z-component pointing in
both +z and -z directions at the same time, there cannot
be a z-component of the field.

« Similarly, there cannot be a y-component of the E-field

* So the field can only have an x-component

* Draw a Gaussian surface in the form of a cylinder of
area A piercing the charge plane

* Total electric flux coming out of the surface =2¢,E, A

« Total charge enclosed by the surface = o A

*By Gauss’ Law: 25,E, A=0cA

(e}
:m
o
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Surface Charge Density Boundary Conditio

Suppose we know the surface normal electric
field on just one side of a charge plane with a
surface charge density o

Question: What is the surface normal field on
the other side of the charge plane?

Solution:

* Draw a Gaussian surface in the form of a cylinder of area A
piercing the charge plane
« Total flux coming out of the surface = &, (E, — E;) A

« Total charge enclosed by the surface = o A
*By Gauss’ Law: ¢, (E2 - E1)A = oA
= &(E,-E)=0c

\ e, (E,-E))=0 This an extremely important result that relates surface normal
o\2 ! electric fields on the two sides of a charge plane with surface

\ charge density o
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Two Oppositely Charged Planes (SP)

-0

AA(A|A|A[A(A]|A 4
AlA(A(A|A|AA(A|A

AAAAAAAAY

+0o \ -0
When the charge planes are brought
together the field contributions from
each plane outside the planes cancel
each other and the fields inside the
planes reinforce each other
E=0 E=0
£

——
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/ Field of a Uniformly Charged Sphere — | (GLIF)

P =volume charge density (units: Coulombs/m?3)

By symmetry, the E-field must only have a component in the radial
direction (i.e. in the F direction)

P For 0<sr <a:
* Draw a Gaussian surface in the form of a spherical shell of

radius r )
* Total flux coming out of the surface = &E, (4”’ )

Work in spherical . Total charge enclosed by the surface = p(*ﬂ're'J
co-ordinates 3
P

*By Gauss’ Law: E, =_"—r
80

Check the Answer (does the solution satisfy Gauss’ Law?):
Lets calculate the divergence of the E-field in the answer obtained

V.c. E= lg(,-z c E )= P Using the formula for divergence
° r?or or in spherical coordinates

———
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Field of a Uniformly Charged Sphere — Il (GLIF)

For asr s«

* Draw a Gaussian surface in the form of a spherical shell of
radius r

* Total flux coming out of the surface = &E, (47[ "2)
4
» Total charge enclosed by the surface = p(ffrasj
4
p,”asj

* By Gauss’ Law: E, = ( 3 3
Are, r

Check the Answer (does the solution satisfy Gauss’ Law?):

Lets calculate the divergence of the E-field in the answer obtained

V.e,E= 1 ﬁ( 2, Er)= 0 L Using the formula for divergence

T rter in spherical coordinates
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Field of a Uniformly Charged Sphere — Il

Sketch of the E-field:

Note that the non-zero field divergence is included in the sketch

———
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Field of a Uniformly Charged Sphere — IV (GLDF

Using Gauss’ Law in Differential Form: V.eocE=p
For 0sr =a: For a sr s«
V.e,E=p V.e,E=0
10 (., P 10
= 5 \rFE)="- = 5 (\r*E)=0
r? 6r( ') &, r? 6r( ’)
Multiply both sides by r> and Multiply both sides by r? and
Integrate from 0 to r (wherer <a) Integrate from a to r (wherer 2a)
r r r
[ g(rz E,)dr:j' L2 gr [ i(r2 E,)dr=0
o Or 0 &o a or
2 2
= r2E,(r)=Lr = r’E,(r)-a’E(a)=0
3¢, 3
0 22 Pg”a
=E(r)= r =E(r)=—E,(a)=~—"—*
A(r) 35, H(r)="3E () -
same as before ! same as before !
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Field of a Charge Dipole (SP)
Consider Two Equal and Opposite Charges
We are interested in the field in
the plane of the two charges at ET _ E'+ +E

a distance r from the center of
the pair, where r>> d

d
. r,=r- Ecos(e)
Work in spherical co-ordinates + q‘/,—"

d /’

l / —cos(9)
—q T 2
. q _ q . 9
o . . d 2%, 3 2d cos()
4ze, (r ) cos(e)) 4ze, [r ) cos(e)) °

- q d . q d . q .
O= —sin(@)+ ————sin(f) = dsin(@
T 4nsy r22r ©) 4ne, r? 2r ©) 4rey r? ©)

r=r+ %cos(e)

~

E;.

_ d
ET ~ q 3
4re, r
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(2cos()7 + sin(0)d )




Field of a Charge Dipole

Sketch of the E-field:

——
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