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ECE 303: Electromagnetic Fields and Waves 

 
Fall 2007 

 
Final Exam                 December 12, 2007 

 
 

 
 
 
 
 
INSTRUCTIONS: 
 
• Only work done on the blue exam booklets will be graded – do not attach your own 
sheets to the exam booklets under any circumstances 
  
• To get partial credit you must show all the relevant work 
 
• Correct answers with wrong reasoning will not get points 
 
• All questions/parts do not carry equal points  
 
• All questions do not have the same level of difficulty 
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School of Electrical and Computer Engineering, Cornell University 
 

 2

Problem 1 (20 points) 
 
a) Consider a thin cylindrical shell of length L and radius R  located with its center at the origin and 
oriented along the z-direction, as shown in the figure below. The surface of the cylinder carries a surface 
current density (units: Amps/m) given by φ̂KK −=

r
.   

 
Find the exact magnetic field vector (magnitude and direction) at the point P which is located at a 
distance d from the origin along the z-direction, as shown in the figure above. You may leave your 
answer in the form of a definite integral.  
 
b) Consider a circular loop of line charge of radius a and carrying a charge density +λ per unit length, as 
shown below. The loop is positioned at a distance d along the z-axis from the x-y plane and is oriented 
parallel to the x-y plane. The infinite space for all negative values of the coordinate z is occupied by a 
medium of permittivity ε.   

 
Find the exact electric field vector (magnitude and direction) at the point P which is located at a distance 
d from the origin along the z-direction, as shown in the figure above. You may leave your answer in the 
form of a definite integral.  
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Problem 2 (20 points) 
 
Consider a short dipole of physical length d, pointing in the z-direction, carrying a current phasor I, and 
located at ( )0,,hh  in the ( )zyx ,,  coordinate system, as shown in the figure below. The space for which 

0<x  or 0<y  is filled with a perfect metal.  

 
 
a) Find the expression for the far-field electric field vector ( )rEff

rr
 of the radiation and explain your result.  

 
b) Find an exact expression for the gain ( )φθ,G  of the antenna. What value of h (in terms of the 
wavelength λ) will give the maximum value for the Gain and in which directions ( )φθ,  does this 
maximum value of Gain occur?  
 
c) Sketch the radiation pattern ( )φθ,p  in the x-y plane assuming that the distance h equals λ .  
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Problem 3 (20 points) 
 
Consider a ferroelectric material in the form of a sphere of radius R (recall from homework that in 
ferroelectric materials the atoms/molecules are polarized even in the absence of any external applied 
field). The material has a has a built-in, non-zero, fixed and uniform polarization vector P

r
 that is 

independent of any external field and is given by zPP o ˆ=
r

. The permittivity everywhere is oε ,  
 

 
a) Find the surface charge density pσ  due to the paired charges at the surface of the sphere. Explain your 
answer.  
 
b) Write trial solutions for the potentials, ( )rin

r
φ  and ( )rout

r
φ , in the two regions Rr ≤≤0  and 

∞≤≤ rR , respectively.  
 
c) Using all the boundary conditions at your disposal, find the potentials ( )rin

r
φ  and ( )rout

r
φ .  
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Problem 4 (20 points) 
 
Consider an antenna with an effective area given by ( )φθ,A , radiative efficiency given by radη , and 
impedance given by  Ω+= 100100 jZA . The antenna is connected to a transmission line of impedance 

Ω= 100oZ  which in turn is connected to a resistor sR , as shown below. The wavelength of the 
incoming radiation is λ. If you need to use a Smith chart for parts (a), (b) and (c) of this problem you will 
find one attached at the end of this exam.   

 
 
Assume first that the antenna is used as a receiver. You need to choose the length L of the transmission 
line and the value of the resistor sR  to deliver the maximum power from the antenna to the resistor sR .  
 
a) What value of the resistor sR  will result in the maximum power transfer from the antenna to the 
resistor sR . Give a numerical value. Explain your answer.  
 
b) For the value of the resistor sR  chosen in part (a) indicate the length L of the transmission line (in 
terms of λ) needed to enable the maximum transfer of power from the antenna to the resistor sR . Explain 
your answer.  
 
Now suppose the antenna receiver is used as a transmitter and is driven by a voltage source whose phasor 
is sV , as shown below. 

 
 
c) For the value of the resistor sR  chosen in part (a) and the corresponding length L of the transmission 
line chosen in part (b), what is the time-averaged power radP  radiated by the antenna? Give your answer 
in terms of the voltage source phasor sV .  
 
 
 
 

ZA Zo = 100 Ω 
Rs 

L

outgoing 
radiation Vs 

ZA Zo = 100 Ω 

Rs 

L

incoming 
radiation 



School of Electrical and Computer Engineering, Cornell University 
 

 6

Problem 5 (20 points) 
 
a) Consider a plane wave of frequency ω  and given by the expression: 

( ) ( ) rkj
oo ieHzHxrH

rrrr .ˆˆ −−=  
incident from free space onto an interface with a medium whose permittivity is given by the tensor: 

( ) oj εε
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−=

400
0510
004

 

The interface is at z=0, as shown below. 

 
What is angle of transmission tθ ? Show all your work. Give a numerical value as an answer.  
 
b) Consider a dielectric slab waveguide, as shown in the figure below. The thickness h of the core of the 
waveguide is 1.0 micrometer.  
 

 
 
Find the angle of incidence iθ  of the guided TM2 mode wave at the interface between the core of 
refractive index 3.0 and the cladding of refractive index 2.0 at a frequency close to the cut-off frequency 
of the TM2 mode.  
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Problem 4: parts (a), (b) and (c) 
 
Name: 
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Table of Solutions of Laplace’s Equation 
 

Spherical Coordinate System Cylindrical Coordinate System 
( ) Ar =
r

φ  Constant potential ( ) Ar =
r

φ  Constant potential 

( )
r
Ar =

r
φ  Spherically symmetric potential  ( ) ( )rAr ln=

r
φ  Cylindrically symmetric potential 

( ) ( )θφ cosrAr =
r

 Potential for uniform z-directed 
E-Field 

( ) ( )φφ cosrAr =
r

 Potential for uniform x-directed 
E-Field 

 ( ) ( )φφ sinrAr =
r

 Potential for uniform y-directed 
E-Field 

( ) ( )
2

cos
r

Ar θφ =
r

 Potential for point-charge-dipole-

like solution oriented along the z-axis 

( ) ( )
r

Ar φφ cos
=

r
 Potential for line-charge-dipole-

like solution oriented along the x-axis 
 ( ) ( )

r
Ar φφ sin

=
r

 Potential for line-charge-dipole-

like solution oriented along the y-axis 
 
 
 
 

Maxwell’s Equations 
 
Differential Form 
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